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Abstract: This study presented a unified perspective of adaptive basis functions to compare Hermite
decomposition and wavelet transform for the analysis of cardiovascular physiological signals. Three different
algorithms were presented to carry out physiological signal modelling with adaptive Hermite basis functions
(HBFs), orthonormal wavelet basis functions (OWBFs) and adaptive wavelet basis functions (AWBFs). The
modelling with OWBFs is computationally efficient. However, the concomitant restrictions in mathematics
make OWBFs not optimal for compact modelling. In contrast, the optimised AWBFs can model cardiovascular
physiological signals compactly with the cost of losing orthonormality. It not only sacrifices the fast
implementation but also degrades AWBFs in discriminant analysis. In summary, merely HBFs achieve a
balanced performance in compact modelling and discriminant analysis.
1 Introduction
As far as health monitoring is concerned, it aims to record vital
physiological signals whereby to find out intrinsic
health condition. Take cardiovascular system for an example,
there have been cost-effective techniques, including
electrocardiography and sphygmography, investigated and
practiced for cardiovascular health monitoring [1, 2].
Moreover, a few computerised interpreters of cardiovascular
physiological signals have been proposed in the past for
disease diagnosis and health prognosis [3–6]. Most of them
took a common architecture with the pre-processing module
for noise suppression and signal regularisation, the
characterising module for feature extraction and pattern
definition and the interpreting module for signal
classification and decision-making support. Their
underlying objective is to tell ‘normal’ or ‘abnormal’ health
condition, and if possible, to further elucidate the causes of
‘abnormal’ health condition.

A grand challenge comes from the variability of
cardiovascular physiological signals, which may be due to
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autonomic nervous controlling [3, 4], pathological diversity
[7], instrumental instability [8] or even measuring
inconsistency [9]. The pre-processing modules are able to
remove noises and artefacts in some sense, but not so
efficient to cope with the variability. Different strategies
have been developed in this regard. In the stage of feature
extraction and pattern definition, it is frequently
recommended to project cardiovascular physiological signals
to alternative representative spaces, where genuine signal
components become more discernible [10, 11]. In the stage
of discrimination and classification, the techniques in soft
computing, including fuzzy logics [12], neural networks
[13, 14] and their fusion [15], are paid special attention
due to their tolerance of uncertainty and faults.

It has been reported more than once that the alternative
characterisations of electrocardiogram (ECG) signals by
Hermite decomposition (HD) [14–16] or wavelet
transform (WT) [4, 5, 17] are of great help for
computerised ECG interpretation. In essence, both HD
and WT attempt to project original ECG signals to a set
of significant basis functions; hence they could be
IET Signal Process., 2010, Vol. 4, Iss. 5, pp. 588–597
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represented with the transformation results. It is claimed that
genuine signal components possibly turn more distinct from
noises and artefacts in the new representative spaces. In other
words, the transformation results as well as their derivatives
are more suitable for computerised analysis and
interpretation.

Signal modelling is a procedure by which the genuine
physiological signals can be estimated inversely from
transformation results. It is possible to carry out domain
transformation and signal modelling with either
orthonormal basis functions (OBFs) or non-orthonormal
basis functions (NOBFs). In general, fast implementation
prefers OBFs. For instance, HD takes advantages of the
orthonormal Hermite basis functions (HBFs), and has
been validated for ECG modelling [14–16]. Orthonormal
wavelet basis functions (OWBFs) are another competent
signal characteriser [4, 5, 17], by which it is advantageous
to carry out multi-resolutional analysis (MRA).
Nevertheless, the concomitant restrictions in mathematics
make OWBFs not an optimal choice for compact
modelling of cardiovascular physiological signals [18].

This paper is oriented to modelling cardiovascular
physiological signals using adaptive HBFs and WBFs. It
first examines the orthonormal HBFs and the selected
OWBFs in this regard. The adaptive wavelet basis
functions (AWBFs) are then introduced and evaluated
against HBFs and OWBFs. As a matter of fact, there have
been a plethora of publications on adaptive ECG
modelling, by means of either HBFs or WBFs, for noise
reduction [19], signal compression [20] and pattern
characterisation [18]. The contributions of this paper come
from the following points. In the first instance, it presents a
unified perspective of adaptive basis functions, instead of
HD and WT, for signal modelling. In the second instance,
this paper generalises the course of discussion to arterial
blood pressure (ABP) waveforms, another type of
cardiovascular physiological signals. In the third instance, it
was claimed that AWBFs should be better for modelling
complex signals or functions [18, 21, 22]. However, there
is a lack of systematic evaluation of their contributions to
computerised interpretation of cardiovascular physiological
signals.

2 Methods
Suppose a physiological signal after sampling is S: {s(n)}N

n¼1.
Domain transformation is to alter its representative space as

S ¼
XM
m¼1

cmum (1)

where um: {um(n)}N
n¼1 is the mth basis function, cm is the

corresponding coefficient and M is the number of basis
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functions in total. If u is an OBF, that is

uT
mun ¼

1, m ¼ n
0, m = n

�
(2)

where the superscript ‘T’ means vector transposition. Then it
is convenient to work out cm by inner product directly

cm ¼ uT
mS (3)

In essence, the renowned Fourier transform (FT) is exactly
an orthonormal transformation. However, because of lack
of flexible resolution, FT is not an optimal choice for the
analysis of complex physiological signals [23]. For this
reason, MRA by means of orthogonal WT is emerging as
an enhancement.

MRA utilises the dyadic time–frequency grids for unified
time–frequency analysis

w( j, k) ¼ cT
j,kS (4)

where cj,k ¼ 2�j=2c(2 jn� k) is a dilated and translated
OWBF, such as the Daubechies wavelets and the Coiflets
wavelets. In essence, an OWBF is equivalent to a band-
pass filter with finite support. For compact signal
modelling, it is desired to select a few energy-dense
coefficients to estimate the original signal

S0 ¼
X
j 0,k0

w( j 0, k0) cj 0,k0 (5)

where w( j0, k0) is from (4). The desired S0 should retain
genuine signal components, but resist to noises and
artefacts. It is known in mathematics that

w( j, k) ¼ cT
j,kS ¼ jSj jcj,kj cosf (6)

where ‘j j’ stands for vector norm and w is the angle between
two vectors. Obviously, if a dilated and translated OWBF is
similar to the genuine signal components, the modelling
results are significant and compact. Otherwise, noises and
artefacts will be introduced.

In physiology, ECG signals (Fig. 1a) manifest the electrical
conduct system, which supervises the myocardial behaviours
of systole and diastole, as well as the mechanical system of
the heart [24]. The morphology of P-wave in an ECG
waveform reflects the procedure of atrial depolarisation; that
of QRS complex is related to ventricular depolarisation and
T-wave for ventricular repolarisation. Similarly, ABP
waveforms (Fig. 1b) bring the mechanical information of
cardiovascular circulation [25]. It is appropriate to relate the
systolic wave, the tidal wave and the diastolic wave with the
behaviours of myocardial systole, pulse wave reflection and
vasomotion, respectively. As a consequence, Gaussian basis
functions have been proposed as an intuitive model to
decompose and explain ECG and ABP waveforms [26, 27].
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Figure 1 Synthesised normal physiological signals

a ECG
b ABP
Whereas Gaussian models are amenable to explanation,
Gaussian functions do not belong to any Hermite or
wavelet family. To be a wavelet, the basis function has to
be oscillating so as to capture the transient characteristics of
physiological signals. Moreover, a wavelet should have
compact support for unified time–frequency analysis. In
mathematics, the wavelet has to comply with the condition
of finite energy

ð1
�1

jc(t)j2 dt , 1 (7)

as well as the admissible condition

ð1
0

jĉ(v)j2

v
dv , 1 (8)

where ĉ(v) is the FT of that wavelet. For fast WT, the basis
functions are further restricted by

ð1
�1

cj,k(t)cj 0,k0 (t) ¼
1, j ¼ j 0 and k ¼ k0

0, otherwise

�
(9)

With above restrictions, a canonical OWBF (Fig. 2) is rarely
0
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similar to genuine components of physiological signals,
hereby not efficient for modelling cardiovascular
physiological signals.

On the contrary, it has been found that adapted HBFs
(Fig. 3) share the resembling morphology with ECG
components [16]. It is thus possible to model them
compactly

S0 ¼
XM
m¼1

cmFm (10)

where Fm is the mth HBF as

Fm ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2mm!
ffiffiffiffi
p
pp e�t2=2H m (11)

where Hm is the mth Hermite polynomial. It can be derived
from

H m ¼ 2tH m�1 � 2(m� 1)H m�2 (12)

where H0 ¼ 1, H1 ¼ 2t and t ¼ (n 2 t)/s (s and t are
dilation and translation factors, respectively).
Figure 2 Synthesised mother OWBFs

a Four-order Daubechies (db3)
b Four-order Coiflets (coif3)
IET Signal Process., 2010, Vol. 4, Iss. 5, pp. 588–597
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Figure 3 First seven orders of mother HBFs
In terms of non-orthonormal Gaussian functions, the
investigators had to rely on computationally demanding
algorithms to find out the optimal models of physiological
signals [26, 27]. On the contrary, there are efficient
algorithms for fast implementation of physiological signal
modelling with HBFs and OWBFs. Most of them are
benefited from the orthogonal transformation space. Fig. 4
illustrates the ones adopted in this paper. The algorithm
for fast OWBF modelling (Fig. 4a) is similar to that of
wavelet shrinkage for signal compression and noise
suppression [19]. It attempts to characterise a physiological
signal by the energy-dense coefficients of fast WT. In other
words, those weighted coefficients with maximal absolute
values will be selected for signal estimation. In terms of fast
HBF modelling, the algorithm (Fig. 4b) strives to find out
the approximately optimal solution in a sparse analytical
space. It generates estimation in each analytical grid, and
evaluates it against the original physiological signal. The
procedure iterates throughout that analytical space. The
algorithm takes those parameters leading to a minimum
error as the final result.
Signal Process., 2010, Vol. 4, Iss. 5, pp. 588–597
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If the restrictions on wavelets for fast WT are relieved, it is
possible to adapt WBFs to various physiological signals for
compact modelling

S0 ¼
X

a[A,b[B

ca,bca,b (13)

where ca,b is a dilated and translated WBF defined as

ca,b ¼ jaj
�1=2c

t � b

a

� �
, (a, b) [ < (14)

where a and b are arbitrary dilation and translation factors,
respectively. It has been proved in wavelet theory that S0

may approximate the original signal arbitrarily well [23].
However, with the adapted wavelets the algorithms for fast
WT turn invalid. Then it is a challenge to efficiently find
out the sets of unknown parameters.

There have been many algorithms proposed for optimal
signal modelling with NOBFs. Most of them utilise an
Figure 4 Algorithms for fast modelling of physiological signals

a OWBF
b HBF
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essentially similar strategy of gradient-based optimisation. In
this paper, those methods and strategies were unified within a
wavelet network (Fig. 5) with a structure similar to that of
feed-forward neural networks [21, 22]. It took WBFs in
place of the conventional transfer functions (e.g. sigmoid or
radial basis function) in feed-forward neural networks. The
wavelet network in Fig. 5 can be formulated as

S0 ¼
XM
m¼1

cmjamj
1=2cm (15)

where cm may be a radial wavelet such as �tm e�t2
m=2

and tm ¼ (n 2 bm)/am. Then the parameters pending for
estimation include the order M, the sets A{a(m)}M

m¼1,
B{b(m)}M

m¼1 and C{c(m)}M
m¼1.

In terms of the order M, the renowned Akaike criterion or
the generalised cross-validation (GCV) may be consulted
[28, 29]. However, they reply on the good statistical
properties of training data set, for example, large volume,
independence and identical distribution. It will be
problematic for sparse or uneven data set. A possible
solution is to unify the order selection and network
optimisation as a whole [30]. In this paper, to evaluate the
modelling performance of AWBFs against HBFs and
OWBFs, we tried different M values instead of adaptive
order determination. As to the sets A, B and C, it follows
the common strategy of gradient descent in neural networks.

Assume the cost function to be minimised as

E(A, B, C) ¼
1

2
eTe (16)

where e {e(n)}N
n¼1 is the estimation error

e ¼ S �
XM
m¼1

cmcm (17)

where cm has incorporated the normalising factor jamj
1/2.

With respect to the involved parameters, the gradients of

Figure 5 Schematic wavelet network
2
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that cost function are

@E

@am

¼ eT cmtm

am

dcm

dtm

� �
(18)

@E

@bm

¼ eT cm

am

dcm

dtm

� �
(19)

@E

@cm

¼ �eTcm (20)

If cm is a radial wavelet, dcm=dtm ¼ e�t2
m=2(t2

m � 1). All
parameters may be updated iteratively in the direction of
gradient descent.

3 Simulations
As mentioned in Section 1, the electrocardiography in
cardiovascular health monitoring is capable of recording the
rhythms of myocardial depolarisation and repolarisation.
ABP waveforms by sphygmography may reflect myocardial
contractibility, arterial compliance and systemic resistance
as a whole. Nevertheless, the electrocardiography owns a
higher specificity for disease diagnosis. Two sets of
cardiovascular physiological signals were hereby extracted
from the open databases at PhysioBank (http://physionet.
org/physiobank) [31]. The first one (Fig. 6a), from MIT/
BIH arrhythmia database, reflected the diversities of ECG
arrhythmia waveforms. The other data set (Fig. 6b), from
MIMIC database, comprises 250 beats of ABP waveforms
from five subjects with different cardiovascular diseases.

In ECG waveforms, the QRS complexes, which may be
extracted with a fixed window around the R or S extreme,
received much attention in former publications [14–16]. In
contrast, this paper attempted to examine the modelling
competence of HBFs, OWBFs and AWBFs on the entire
waveforms of cardiovascular physiological signals. Therefore,
as shown in Fig. 6a, each beat of ECG waveforms
incorporated not only QRS complex but also P and T waves.
As to the data set of ABP waveforms, an automatic
delineator has been proposed to report the fiducial points
[32], including their onsets, systolic peaks and dicrotic
notches. Similarly, each beat of ABP waveforms after
segmentation was normalised for subsequent analysis.

The modelling competence can be examined from two
different points of view. On one hand, it was interesting to
check the relationship between energy preservation (EP) and
the amount of model parameters. Here the EP was defined as

EP(%) ¼ 100 1�
(S � S0)T(S � S0)

STS

 !
(21)

In terms of parameter amount, a model with OWBFs as in (5)
or AWBFs as in (13) requires a group of triplets
IET Signal Process., 2010, Vol. 4, Iss. 5, pp. 588–597
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Figure 6 Selected ECG and ABP waveforms
Table 1 Evaluation of modelling compactness

Parameter amount EP

HBF OWBF (db4) AWBF (radial wavelet)

ECG (m+ d) ABP (m+ d) ECG (m+ d) ABP (m+ d) ECG (m+ d) ABP (m+ d)

3 39.98 + 13.59 87.79 + 4.88 10.86 + 10.25 47.86 + 10.99 60.87 + 18.33 86.58 + 2.55

6 72.17 + 17.39 96.86 + 1.19 26.15 + 14.89 49.29 + 11.70 82.34 + 12.24 95.76 + 2.83

9 84.60 + 14.64 99.00 + 0.33 35.05 + 14.54 58.92 + 10.20 88.89 + 10.07 97.93 + 1.46

12 89.35 + 12.48 99.56 + 0.20 40.19 + 15.10 73.75 + 7.25 92.38 + 8.07 98.84 + 1.12

Total: 250; m: the average; d: the standard deviation
Signal Process., 2010, Vol. 4, Iss. 5, pp. 588–597 593
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{a(m), b(m), c(m)}M
m¼1. But the model with HBFs as in (10)

has the weights, the common s and t only.

Table 1 presents the results of performance evaluation in
this regard. The algorithm for OWBF models determines
the dominance of low-frequency components in modelling
results, which is further evidenced by Fig. 7. The results in
Table 1 indicate that ABP waveforms mainly comprise
low-frequency signal components. Even a low-order HBF
or AWBF model is able to approximate them quite well. In
contrast, ECG waveforms contain both low- and high-
frequency components. Therefore more HBFs and AWBFs
are necessary to model such kind of physiological signals.
In other words, a five-order HBF model (seven parameters)
is possibly enough for QRS complexes [14, 15]. However,
it seems that a ten-order HBF model (12 parameters) is
better for entire ECG waveforms.
The Institution of Engineering and Technology 2010
Actually, ECG modelling by HBFs has been investigated
more than once [14–16]. It was claimed that the relative
errors of HBF modelling were generally no more than 10%
in spite of different optimising algorithms. The results in
this paper seem not so competitive. However, it is
noteworthy that the modelling in those papers was
implemented for QRS complexes only. In other words,
there were merely high-frequency components in their data
set. If a QRS complex had hybrid low- and high-frequency
components, the modelling errors went worse till 19% [14].
Therefore the algorithm proposed in this paper is valid for
ECG modelling. In fact, for a data set without hybrid
components (e.g. ABP waveforms), the algorithm proposed
here generally achieves EP higher than 95%.

In addition, it is obvious that orthonormal HBFs are
superior to OWBFs with regard to model compactness. For
Figure 7 Physiological signal modelling with a four-order AWBF model, a ten-order HBF model and a four-order OWBF model,
namely 12 parameters
IET Signal Process., 2010, Vol. 4, Iss. 5, pp. 588–597
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example, to achieve comparable EP (81.53 + 13.72 against
84.60 + 14.64), a model of ECG waveforms with OWBFs
required 42 parameters, nearly five times to those for a
HBF model. In contrast, the AWBFs after optimisation
have a competitive performance even in comparison with
HBFs.

On the other hand, it was of interest to examine the
competence of different HBF, AWBF and OWBF models
for discrimination and classification. Physiological signal
modelling by means of domain transformation attempts to
project original signals into an alternative representative
space. It is oriented to three objectives. Firstly, the genuine
signal components should turn more discernible from
noises and artefacts. Secondly, original physiological signals
can be represented by means of compact model parameters.
Finally, the model parameters should aggregate together for
those physiological signals from a same group, while
segregating mutually those from different groups. In other
words, if the model parameters are significant, it is
comparatively easy to identify the optimal discriminant
hyperplanes for recognition and classification [33].

A k-nearest neighbour (k-NN) algorithm was established in
this paper for supervised discriminant analysis. Although
Bayesian classifiers are generally preferred for classification,
the volume of physiological signals here was not enough for
estimating the intrinsic probability density functions. k-NN is
a kind of case-based learning where a new case is classified
based on the category majority of its k nearest neighbours.
Compared with Bayesian classifiers, k-NN does not need any
model to fit and estimate probability density functions.

As shown in Fig. 6, there are five groups of ECG and ABP
waveforms. Each group has 50 beats of normalised
cardiovascular physiological signals. It is appropriate to take
the model parameters for each beat of physiological signals
as a multivariate vector. Then, to train and test the k-NN
classifier, each group was divided into five equal subgroups,
namely each with ten multivariate parameters. Every
subgroup was reserved for classifier evaluation in turn. The
Signal Process., 2010, Vol. 4, Iss. 5, pp. 588–597
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left four subgroups, each with 40 multivariate parameters,
were selected to train that classifier. In other words, the k-
NN classifier was trained and tested five times
independently. The final results were averaged and listed in
Table 2.

As shown in (2), the orthonormality means there is no
correlation between OBFs. The projection of cardiovascular
physiological signals on them leads the coefficients to being
independent, hence favourable for computerised
discrimination. The effectiveness of HBF models has been
validated for ECG clustering and classification [14–16].
The results in Table 2 further support it. In other words,
the compact models with HBFs are eventually most
competent for discriminant analysis. The OWBF ones also
performed well, whereas they were not so efficient for
compact modelling. On the contrary, the loss of
orthonormality substantially degraded the performance of
AWBFs in discrimination and classification.

There are three additional points worthy of note in
Table 2. In the first instance, the model order is different
from the amount of parameters in Table 1. As
aforementioned, a six-order OWBF or AWBF model
involves 18 parameters, whereas a seven-order HBF model
has nine parameters only. In the second instance, a higher
model order does not always lead to a better discriminant
performance. However, it is theoretically plausible.
Actually, the redundant information does not contribute to
discrimination at all [33]. The case is particularly obvious
in terms of non-orthonormal AWBFs. Furthermore, as
shown in Table 1, a model with higher order can
approximate original physiological signals better. In other
words, the modelling results possibly bring more noises and
artefacts. It will degrade the discriminant performance, too.
In the last instance, the computation of HBF models tends
to explode once their orders are too high. For instance, the
presented algorithm (Fig. 4b) was not able to work out the
12-order HBF models even in a computer with 1.66 GHz
CPU and 1.0 GB memory. Both OWBF and AWBF
models are advantageous in this regard.
Table 2 Comparison of modelling performance in discriminant analysis

Order Model Discriminant errors Order Model Discriminant errors

ECG (m+ d) ABP (m+ d) ECG (m+ d) ABP (m+ d)

3 HBF 3.20 + 1.10 0.40 + 0.89 9 HBF 2.80 + 3.03 1.20 + 1.79

OWBF 2.40 + 2.19 0.40 + 0.89 OWBF 7.20 + 3.35 0.40 + 0.89

AWBF 10.40 + 9.94 6.40 + 5.73 AWBF 28.80 + 6.42 6.00 + 5.83

6 HBF 2.80 + 4.38 0.40 + 0.89 12 HBF — —

OWBF 4.80 + 5.59 0.40 + 0.89 OWBF 12.40 + 6.54 2.80 + 2.28

AWBF 19.20 + 13.31 4.00 + 4.69 AWBF 29.20 + 6.10 7.60 + 3.29

Total: 5; m: the average; d: the standard deviation
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4 Conclusions
In this paper, a unified perspective of adaptive basis functions
was presented to compare HD and WT for physiological
signal modelling, which is one of the essential steps in
computerised interpretation. Different algorithms were
presented to carry out HBF, OWBF and AWBF
modelling. Benefitted from orthogonal WT, it is quite
convenient to model various cardiovascular physiological
signals with OWBFs. However, because of their
mathematical regularity, OWBFs are not a good choice
with regard to model compactness. In contrast, the
AWBFs optimised by a wavelet network are competent to
model cardiovascular physiological signals compactly.
However, the loss of orthonormality makes AWBFs not
suitable for the fast algorithm of OWBF modelling. In
addition, it impairs the performance of AWBFs for
discriminant analysis, too.

HBFs achieve a balanced performance in compact signal
modelling and discriminant analysis. The presented fast
algorithm is able to efficiently model cardiovascular
physiological signals with low-order HBFs. However, it was
found in our practice that high-order HBFs are necessary to
model those physiological signals with hybrid low- and high-
frequency components. In this case, the fast implementation
tends to computationally explosion. Whereas the optimisation
of wavelet networks is also computationally demanding, it is
not so sensitive to the complexity of cardiovascular
physiological signals. In this regard, OWBFs and AWBFs
are advantageous. Fortunately, a medium-order HBF model
in general has been able to model cardiovascular physiological
signals with fair performance.

Finally, it is noteworthy that the comparison presented
here is by no means thorough or exhaustive. Different from
HBFs, there have been a variety of WBFs in the literature
[34]. The properties of different WBFs vary in terms of
orthogonality, symmetry, regularity, and so forth. The
analytical results will vary accordingly [5, 17]. The results
in [17, 35] led us to choose the Daubechies OWBF for
adaptive physiological signal modelling. Similarly, in this
paper, we followed [21, 22] to adopt the radial wavelet for
AWBFs. Moreover, it has been noticed that there are
emerging methods for optimal OWBF modelling, such as
the dual-tree complex WT [36] and the overcomplete
discrete WT [37]. All of them inspire us to further explore
adaptive wavelet modelling of cardiovascular physiological
signals in the following research.
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